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POSITIVITY OF RELATIVE CANONICAL BUNDLES
FOR FAMILIES OF CANONICALLY POLARIZED
MANIFOLDS
GEORG SCHUMACHER
Abstract. Given an effectively parameterized family f : X →
S of canonically polarized manifolds the Ka¨hler-Einstein metrics
on the fibers induce a hermitian metric on the relative canonical
bundle KX/S.
We use a global elliptic equation to show that this metric is
strictly positive. For degenerating families we show that the cur-
vature form on the total space can be extended as a (semi-)positive
closed current. By fiber integration it is shown that the general-
ized Weil-Petersson form on the base possesses an extension as a
positive current. In in this situation, the determinant line bun-
dle associated to the relative canonical bundle on the total space
can be extended. As an application the quasi-projectivity of the
moduli space Mcan of canonically polarized varieties follows.
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2 GEORG SCHUMACHER
1. Introduction
For any holomorphic family f : X → S of canonically polarized, com-
plex manifolds, the unique Ka¨hler-Einstein metrics on the fibers define
an intrinsic metric on the relative canonical bundle KX/S. The con-
struction is functorial in the sense of compatibility with base changes.
By definition, its curvature form has at least as many positive eigen-
values as the dimension of the fibers indicates.
Main Theorem. Let X → S be a holomorphic family of canonically
polarized, compact, complex manifolds, which is nowhere inifinitesi-
mally trivial. Then the hermitian metric on KX/S induced by the Ka¨h-
ler-Einstein metrics on the fibers is strictly positive.
Actually the first variation of the metric tensor in a family of compact
Ka¨hler-Einstein manifolds contains the information about the induced
deformation, more precisely, it contains the harmonic representatives
As = A
α
sβ
∂αdz
β of the Kodaira-Spencer classes ρ(∂/∂s). The positivity
of the hermitian metric will be measured in terms of a certain global
function. Essential is an elliptic equation on the fibers, which relates
this function to the pointwise norm of the harmonic Kodaira-Spencer
forms. The ”strict” positivity of the corresponding (fiberwise) operator
(+ id)−1, where  is the complex Laplacian, is shown in a direct way.
For families of compact Riemann surfaces the elliptic equation was
previously derived in terms of automorphic forms by Wolpert [WO].
Later in higher dimensions a similar equation arose in the work of Siu
[SIU3] for families of canonical polarized manifolds.
The positivity of the relative canonical bundle and the methods in-
volved is closely related to different questions. We will treat the con-
struction of a positive line bundle on the moduli space of canonically po-
larized manifolds proving its quasi-projectivity and the question about
its hyperbolicity.
Theorem 1. Let (KX/H, h) be the relative canonical bundle on the to-
tal space over the Hilbert scheme, equipped with the hermitian metric
induced by the Ka¨hler-Einstein metrics on the fibers. Then the curva-
ture form extends to the total space over the compact Hilbert scheme H
as a positive, closed current ωKEX with at most analytic singularities.
The proof depends on Yau’s C0-estimates previously used for the
construction of Ka¨hler-Einstein metrics.
Theorem 2. Let Y be a normal space and Y ′ ⊂ Y the complement
of a closed analytic, nowhere dense subset. Let L′ be a holomorphic
line bundle on Y ′ together with a (semi-)positive hermitian metric h′,
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which also may be singular. Assume that the curvature current can be
extended to Y as a positive, closed current ω and that the line bundle
L′ possesses local holomorphic extensions to Y . Then there exists a
holomorphic line bundle (L, h) with a singular, positive hermitian met-
ric, whose restriction to Y ′ is isomorphic to (L′, h′). The metric h can
be chosen with at most analytic singularities, if ω has this property.
This theorem is first applied to the total space of the universal family
X → H over the Hilbert scheme. Next we consider a certain determi-
nant line bundle of the relative canonical bundle, which is defined over
the open part of the Hilbert scheme. It carries a Quillen metric, and
its curvature form is the generalized Weil-Petersson form. The latter
is equal to the fiber integral
∫
X/H c1(KX/H, h)n+1, where n is the fiber
dimension. These quantities descend to the moduli space of canonically
polarized manifolds. Again we see that the curvature form extends as
a closed, positive current.
Concerning the descent to the moduli space, we can say that so far
both the Weil-Petersson form and the determinant line bundle descend
to the moduli space and possess local extension to a compactification
of the moduli space (we use the fact that the moduli space is an al-
gebraic space). The existence of a positive Weil-Petersson current on
the compactified moduli space is shown by means of Siu’s decomposi-
tion theorem for positive currents, and the extension of the line bundle
follows from the above Theorem 2.
Theorem 3. The generalized Weil-Petersson form on the moduli stack
of canonically polarized varieties is strictly positive. It is the Chern
form of a determinant line bundle, equipped with a Quillen metric. A
tensor power of the line bundle extends to a compactification, and the
Quillen metric extends as a (semi-)positive singular hermitian metric
with at most analytic singularities (in the orbifold sense).
These facts imply a short proof for the quasi-projectivity of the moduli
space of canonically polarized manifolds: The proof starts from Mum-
ford’s construction of the moduli space as an algebraic space (possessing
a compactification as an analytic space), where the generalized Weil-
Petersson metric is known to be the Chern form of a certain determi-
nant line bundle equipped with a Quillen metric. The generalized Ko-
daira embedding theorem (cf. [S-T], and the discussion in [V2]) yields
quasi-projectivity, if the determinant line bundle can be extended to
a compactification, and the Quillen metric possesses an extension as a
singular (semi-positive) hermitian metric.
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It was pointed out by Eckart Viehweg in [V2, p. 4] that the extension
of the Weil-Petersson current is not automatic. This issue is closely
related to the extendability of the determinant line bundle, a problem
emphasized by Kollar [KO1] – problems, which are addressed in our
manuscript.
A further application is the following fact. It is related to Shafare-
vich’s hyperbolicity conjecture for higher dimensions, which was solved
by Migliorini [M], Kovacs [KV1, KV2, KV3], Bedulev-Viehweg [B-V],
and Viehweg-Zuo [V-Z1, V-Z2].
Application. Let X → C be a non-isotrivial holomorphic family of
canonically polarized complex surfaces over a curve. Then g(C) > 1.
2. Positivity of KX/S
Let X be a canonically polarized manifold of dimension n equipped
with a Ka¨hler-Einstein metric ωX . In terms of local holomorphic coor-
dinates (z1, . . . , zn) we write
ωX =
√−1gαβ(z) dzα ∧ dzβ
so that the Ka¨hler-Einstein equation reads
(1) ωX = −Ric(ωX), i.e. ωX =
√−1∂∂ log g(z),
where g := det gαβ. We consider g as a hermitian metric on the anti-
canonical bundle K−1X .
For any holomorphic family of compact, canonically polarized man-
ifolds f : X → S of dimension n with fibers Xs for s ∈ S the Ka¨h-
ler-Einstein forms ωXs depend differentiably on the parameter s. The
resulting relative Ka¨hler form will be denoted by
ωX/S =
√−1gα,β(z, s) dzα ∧ dzβ .
The corresponding hermitian metric on the relative anti-canonical bun-
dle is given by g = det gαβ(z, s). We consider the real (1, 1)-form
ωX =
√−1∂∂ log g(z, s)
on the total space X . We will discuss the question, whether ωX is a
Ka¨hler form on the total space.
The Ka¨hler-Einstein equation (1) implies that
ωX |Xs = ωXs
for all s ∈ S. In particular ωX , restricted to any fiber, is positive
definite. Our result is the following statement.
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Theorem 1. Let X → S be a holomorphic family of canonically polar-
ized, compact, complex manifolds. Then the hermitian metric on KX/S
induced by the Ka¨hler-Einstein metrics on the fibers is semi-positive
and strictly positive in fiber direction. It is strictly positive over points
of the base, where the family is not infinitesimally trivial.
Both the statement of the Theorem and the methods are valid for
smooth, proper families of singular (even non-reduced) complex spaces
(for the necessary theory cf. [F-S]).
It is sufficient to prove the theorem for one-dimensional families as-
suming S ⊂ C. (In order to treat singular base spaces, we can reduce
the claim to non-reduced base spaces of embedding dimension one,
where the arguments below are still meaningful and can be applied
literally.)
We denote the Kodaira-Spencer map for the family f : X → S at a
given point s0 ∈ S by
ρs0 : Ts0 → H1(X, TX)
where X = Xs0. The family is called effectively parameterized at s0, if
ρs0 is injective. The Kodaira-Spencer map is induced as edge homo-
morphism by the short exact sequence
0→ TX/S → TX → f ∗TS → 0.
If v ∈ Ts0S is a tangent vector, say v = ∂∂s |s0 and ∂∂s + bα ∂∂zα is any lift
to X along X , then
∂
(
∂
∂s
+ bα(z)
∂
∂zα
)
=
∂bα(z)
∂zβ
∂
∂zα
dzβ
is a ∂-closed form on X , which represents ρs0(∂/∂s). Observe that b
α
is not a tensor on X unless the family is infinitesimally trivial.
We will use the semi-colon notation as well as raising and lowering
of indices for covariant derivatives with respect to the Ka¨hler-Einstein
metrics on the fibers. The s-direction will be indicated by the index s.
In this sense the coefficients of ωX will be denoted by gss, gαs, gαβ etc.
Next, we define canonical lifts of tangent vectors of S as differentiable
vector fields on X along the fibers of f in the sense of Siu [SIU3]. By
definition these satisfy the property that the induced representative of
the Kodaira-Spencer class is harmonic (cf. also [SCH2]).
Since the form ωX is positive, when restricted to fibers, horizontal
lifts of tangent vectors with respect to the pointwise sesquilinear form
〈−,−〉ωX are well-defined.
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Lemma 1. The horizontal lift of ∂/∂s equals
v = ∂s + a
α
s ∂α,
where
aαs = −gβαgsβ.
Proposition 1. The horizontal lift induces the harmonic representa-
tive of ρs0(∂/∂s).
Proof. The Kodaira-Spencer form of the tangent vector ∂/∂s0 is given
by ∂v|Xs = aαs;β∂αdzβ .
The above equation follows immediately: We consider the tensor
Aα
sβ
:= aα
s;β
|Xs0
on X . Then
gβγAα
sβ;γ
= −gβγgδαgsδ;βγ = −gβγgδαgsβ;δγ = −gβγgδα
(
gsβ;γδ − gsτRτβδγ
)
= −gδα
(
(∂ log g/∂s);δ + gsτR
τ
δ
)
= 0.

Next, we introduce a global function ϕ(z, s), which is the pointwise
inner product of the canonical lift v of ∂/∂s at s ∈ S with itself with
respect to ωX . Since ωX is not known to be positive definite in all
directions, ϕ ≥ 0 is not known at this point.
Lemma 2.
ϕ = 〈∂s + aαs ∂α, ∂s + aαs ∂β〉ωX = gss − gαsgsβgβα
Proof. The proof follows from Lemma 1 and
ϕ = gss + gsβa
β
s + a
α
s gαs + a
α
s a
β
s gαβ .

Denote by ωn+1X the (n+1)-fold exterior product, divided by (n+1)!
and by dV the Euclidean volume element in fiber direction. Then the
global real function ϕ satisfies the following property:
Lemma 3.
ωn+1X = ϕ · g · dV
√−1ds ∧ ds.
Proof. Compute the following (n + 1)× (n+ 1)-determinant of(
gss gsβ
gαs gαβ
)
,
where α, β = 1, . . . , n. 
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So far we are looking at local computations, which essentially only
involve derivatives of certain tensors. The only global ingredient is the
fact that we are given global solutions of the Ka¨hler-Einstein equation.
The key quantity is the differentiable function ϕ on X . Restricted to
any fiber it ties together the yet to be proven positivity of the hermitian
metric on the relative canonical bundle and the canonical lift of tangent
vectors, which is related to the harmonic Kodaira-Spencer forms.
We use the Laplacian operators g,s with non-negative eigenvalues
on the fibers Xs so that for a real valued function χ the equation
g,sχ = −gβαχ;αβ holds.
Proposition 2. The following elliptic equation holds fiberwise:
(2) (g,s + id)ϕ(z, s) = ‖As(z, s)‖2,
where
As = A
α
sβ
∂
∂zα
dzβ
is the harmonic representative of the Kodaira-Spencer class ρs(
∂
∂s
) as
above.
Proof. The essence to prove an elliptic equation for the tensors that
involve derivatives with respect to the parameter space is to eliminate
second order such derivatives. This is achieved by the left hand side of
(2). First,
gδγgss;γδ = g
δγ∂s∂sgγδ
= ∂s(g
δγ∂sgγδ)− aγ;δs ∂sgγδ
= ∂s∂s log g + a
γ;δ
s asγ;δ
= gss + a
σ
s ;γasσ;δg
δγ.
Next
(aσsasσ);γδg
δγ =
(
aσs ;γδasσ + A
σ
sδ
Asσγ + a
σ
s;γasσ;δ + a
σ
sAsσγ;δ
)
gδγ .
The last term vanishes because of the harmonicity of As, and
aσ
s;γδ
gδγ = Aσ
sδ;γ
gδγ + aλsR
σ
λγδg
δγ
= 0− aλsRσλ
= aσs .

Proof of Theorem 1. We first show the semi-positivity of the metric.
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As ωX is positive definite in fiber direction, we need to show only
that ϕ ≥ 0 (or ϕ > 0 resp.) For any fixed s ∈ S, let
ϕ(z, s) ≥ ϕ(z0, s).
Then
ϕ(z0, s) = ‖As(z0, s)‖2 −g,sϕ(z0, s) ≥ ‖As(z0, s)‖2 ≥ 0.
For any fixed s ∈ S the function ϕ|Xs is not identically zero, otherwise
by (2) the family had to be infinitesimally trivial at that point.
According to a the theorem of Kazdan and De Turck [DT-K], Ka¨hler-
Einstein metrics are real analytic (and by the implicit function theorem
depend in a real analytic way upon holomorphic parameters). This
applies to the function ϕ.
The above argument shows that the zero set of ϕ is contained in the
set of points, where all components of As vanish.
We mention that the integral mean of ωn+1X taken over the fibers is
equal to the generalized Weil-Petersson form on S (cf. [F-S, Theorem
7.9]).
The strict positivity of ϕ follows from the proposition below. 
We consider the equation (2) locally. Let 0 ∈ U ⊂ Cn be an open
subset containing the origin, and ωU =
√−1
2
gαβ(z)dz
α ∧ dzβ a real
analytic Ka¨hler form on U .
Proposition 3. Let ϕ and f be real analytic, non-negative, real func-
tions on U . Suppose
(3) ωUϕ+ ϕ = f
holds. If ϕ(0) = 0, then both ϕ and f vanish identically in a neighbor-
hood of 0.
Proof. 1 It follows from the assumption that ϕ has a local minimum at
the origin, and (3) implies that ωUϕ(0) = 0 and f(0) = 0.
We set  = ωU and chose normal coordinates z
α of the second kind
for ωU at 0. Let 0 = −
∑n
α=1
∂2
∂zα∂zα
be the standard Laplacian so
that
 = 0 + h
βα(z)
∂2
∂zα∂zβ
where the power series expansions of all hβα have no terms of order
zero or one. Also 0ϕ(0) = 0. In the following arguments it may be
necessary to replace U by a smaller neighborhood of zero. Then we
can say that both ϕ and 0ϕ are non-positive.
1The claim is also a consequence of [P-W, Theorem 6, Chap. 2, Sect. 3].
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We suppose that ϕ is not identically zero and let
ϕ =
∑
ℓ≥ℓ0
ϕℓ
be the homogeneous expansion of ϕ into polynomials of degree ℓ with
ϕℓ0 6= 0. It follows from the assumption that ϕℓ0 ≥ 0.
The homogeneous components of the Laplacians of least possible
order are the components of degree ℓ0 − 2
(ϕ)ℓ0−2 = (0ϕ)ℓ0−2
because of the choice of the coordinates. Suppose that (0ϕ)ℓ0−2 =
0(ϕℓ0) vanishes identically. Then the mean value property implies
that ϕℓ0 ≡ 0, which contradicts the choice of ℓ0.
Now the integral over the sphere S(r) of radius r with respect to the
standard (flat) inner product and surface element dA is taken. Let
ϕ˜(r) =
∫
S(r)
ϕdA.
Then
0 ≥
∫
S(r)
ϕdA =
∫
S(r)
0ϕdA+R(r)
where the remaining term R(r) is of order at least ℓ0 + 2n − 1 in
r, whereas the integrals are of order ℓ0 + 2n − 3, unless they vanish
identically. In the latter case, again the Laplacians are identically zero,
implying ϕ ≡ 0. We consider the integrated equation (3). The order
of ϕ˜(r) is ℓ0 + 2n − 1 so that the lowest order term on the left hand
side of ∫
S(r)
ϕdA + ϕ˜(r) =
∫
S(r)
fdA
is c · rℓ0+2n−3, with c < 0 contradicting the property of f . 
3. Fiber integrals and Quillen metrics
In this section we refer to the methods how to produce a positive line
bundle on the base of a holomorphic family (cf. [F-S]). Let f : X → S
be a proper, smooth holomorphic map and ωX/S a closed real (1, 1)-
form on X , whose restrictions to the fibers are Ka¨hler forms. Let (E , h)
be a hermitian vector bundle on X . We denote the determinant line
bundle of E in the derived category by
λ(E) = det f!(E).
10 GEORG SCHUMACHER
The main result of Bismut, Gillet and Soule´ from [BGS] states the
existence of a Quillen metric hQ on the determinant line bundle such
that the following equality holds for its Chern form on the base S:
(4) c1(λ(E), hQ) =
[∫
X/S
td(X /S, ωX/S)ch(E , h)
]
2
holds. Here ch and td stand for the Chern and Todd character forms.
We will apply the formula in two different situations.
We use the formula for a virtual bundle of degree zero and set E =
(L − L−1)n+1, where (L, h) is a hermitian line bundle. The term of
lowest degree in ch(E) is equal to
(5) 2n+1c1(L)n+1
so that the only contribution of the Todd character form in (4) is the
constant 1 resulting in the following equality.
(6) c1(λ(E), hQ) = 2n+1
∫
X/S
c1(L, h)n+1.
4. An extension theorem for hermitian line bundles
and positive currents
We will need the notion of a singular hermitian metric over a (re-
duced) complex space. First, we note that by definition an upper
semi-continuous function u : Z → [−∞,∞) on a complex space Z is
plurisubharmonic, if its pull-back to any (locally given) analytic curve
is subharmonic (or identically equal to −∞). Let L be a holomor-
phic line bundle on Z, then a semi-positive, singular hermitian metric
h on L is defined by the property that the locally defined function
− log h is plurisubharmonic, when pulled back to the normalization of
the space. Only in this sense we consider positive (1, 1)-currents on re-
duced complex spaces. As usual by definition, a positive current takes
non-negative values on semi-positive differential forms.
The following is an existence theorem for a holomorphic line bundle,
while there seems to be little control over the actual extension.
For any positive closed (1, 1)-current T on a complex manifold Y the
Lelong number at a point x is denoted by ν(T, x), and for any c > 0
we have the associated sets Ec(T ) = {x; ν(T, x) ≥ c}. According to
[SIU2, Main Theorem] these are closed analytic sets.
We will use in an essential way Siu’s decomposition formula for pos-
itive, closed currents. We state it for (1, 1)-currents.
POSITIVITY OF KX/S 11
Theorem ([SIU2]). Let ω be a closed positive (1, 1)-current. Then ω
can be written as a convergent series of closed positive currents
(7) ω =
∞∑
µ=0
µk[Zk] + R,
where [Zk] is a current of integration over an irreducible analytic set
of codimension one, and R is a residual current with the property that
dimEc(R) < dimY − 1 for every c > 0. This decomposition is locally
and globally unique: the sets Zk are precisely components of codimen-
sion one occurring in the sublevel sets Ec(ω), and µk = minx∈Zk ν(ω; x)
is the generic Lelong number of ω along Zk.
Our extension theorem for holomorphic line bundles is the following.
Theorem 2. Let Y be a normal complex space and Y ′ = Y \ A the
complement of a nowhere dense, closed, analytic subset. Let L′ be
a holomorphic line bundle together with a (semi-)positive hermitian
metric h′, which also may be singular. Assume
(i) the curvature current ω′ of (L′, h′) possesses an extension ω to
Y as a closed, positive current
(ii) the line bundle L′ possesses local holomorphic extensions to Y .
Then there exists a holomorphic line bundle (L, h) with a singular, pos-
itive hermitian metric, whose restriction to Y ′ is isomorphic to (L′, h′).
If ω has at most analytic singularities, then h can be chosen with
this property.
Remark. The form ω need not be the curvature form of h.
We append the notion of analytic singularities.
Definition 1. Let χ be a plurisubharmonic function on an open subset
of Cn. We say that χ has at most analytic singularities, if locally
χ ≥ γ log
k∑
ν=1
|fν |2 + const.
holds, for holomorphic functions fν and some γ > 0. In this situation,
we say that a (locally defined) positive, singular hermitian metric of the
form
h = e−χ
as at most analytic singularities. This property will be also assigned to
a locally ∂∂-exact, positive current of the form
ω =
√−1∂∂χ.
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Proof of Theorem 2. We first assume that A is a smooth hypersurface
of a complex manifold Y .
Our goal is to treat the non-integer part
∞∑
µ=0
(µk − ⌊µk⌋)[Zk]
in (7).
Let {Uj} be an open covering of Y such that the set A∩Ui consists of
the zeroes of a holomorphic function zi on Ui. Since L
′ possesses local
extensions, we can chose {Ui} such that the line bundle L′ is given by
a cocycle g′ij ∈ O∗Y (U ′ij), where Uij = Ui ∩ Uj and U ′ij = Uij ∩ Y ′. If
necessary, we will replace {Ui} by a finer covering.
We will first show the existence of plurisubharmonic functions ψi on
Ui and holomorphic functions ϕ
′
i on U
′
i such that
h′i · |ϕ′i|2 = e−ψi |U ′i
where the ψi − ψj are harmonic functions on Uij :
Let
ω|Ui =
√−1∂∂(ψ0i )
for some plurisubharmonic functions ψ0i on Ui. Now
−√−1∂∂ log(eψ0i h′i)
is harmonic on U ′i . For a suitable number βi ∈ R and some holomorphic
function f ′i on U
′
i we have
log(eψ
0
i h′i) + βi log |zi| = f ′i + f ′i .
We write
βi = γi + 2ki
for 0 ≤ γi < 2 and some integer ki. We set
(8) ψi = ψ
0
i + γi log |zi|.
These functions are clearly plurisubharmonic, and γi log |zi| contributes
as an analytic singularity to ψ0i . Set
ϕ′i = z
−ki
i e
−f ′i ∈ O∗(U ′i).
We use the functions ϕ′i to change the bundle coordinates of L
′ with
respect to U ′i . In these bundle coordinates the hermitian metric h
′ on
L′ is given by
h˜′i = h
′
i · |ϕ′i|−2
and the transformed transition functions are
g˜′ij = ϕ
′
i · gij · (ϕ′j)−1.
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Now
(9) h˜′i = |zi|−γie−ψ
0
i |U ′i = e−ψi |U ′i ,
and
(10) |g˜′ij|2 = h˜′j(h˜′i)−1 = |zj |γi−γj
∣∣∣∣ zizj
∣∣∣∣γi · eψ0i−ψ0j .
Since the function zi/zj is holomorphic and nowhere vanishing on Uij,
and since the function ψ0i − ψ0j is harmonic on Uij , the function∣∣∣∣ zizj
∣∣∣∣γi · eψ0i−ψ0j
is of class C∞ on Uij with no zeroes. Now −2 < γi − γj < 2, and g˜′ij is
holomorphic on U ′ij . So we have
(11) γi = γj
(whenever A ∩ Uij 6= ∅). Accordingly (10) reads
(12) |g˜′ij|2 = h˜′j(h˜′i)−1 =
∣∣∣∣ zizj
∣∣∣∣γi · eψ0i−ψ0j ,
and the transition functions g˜′ij can be extended holomorphically to all
of Uij. So a line bundle L exists.
The functions ψi are plurisubharmonic, and the equality
ω̂ =
√−1∂∂ψi
is a well-defined positive current on Y because of (11). Its restriction
to Y ′ equals ω|Y ′.
We define
h˜i = e
−ψi
on Ui. Because of (10) it defines a positive, singular, hermitian metric
on L. This shows the theorem in the smooth case.
Finally we prove the general case, where Y is normal and A any
nowhere dense analytic subset. Denote by A0 the union of all compo-
nents of A, whose dimension is less or equal to dimY − 2. Let
Y ′′ = Y \ (Sing(Y ) ∪ Sing(A) ∪A0) .
We know that L′ together with the positive metric can be extended
to a line bundle L′′ on Y ′′. Again we use the fact that the given
line bundle possesses local extensions to Y so that L′′ is defined by
transition functions on Uij ∩ Y ′′, where again the Ui form an open
covering of Y . Now the complement of Y ′′ in Y is of codimension at
least two so that the transition functions extend. The same argument
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holds for the singular hermitian metrics h˜′′i of L
′′ on Ui ∩ Y ′′: The
plurisubharmonic functions − log h˜′′i extend as such to Ui by [G-R]. 
We remark that the theorem also holds for orbifold structures (where
a certain finite tensor power of the given line bundles may have to be
taken in order to ensure that the bundles descend as holomorphic line
bundles). This is globally possible as long as the automorphism groups
involved are of bounded order, which is the case for moduli spaces of
canonically polarized varieties.
If Y is just a reduced complex space, we still have the following
statement.
Proposition 4. Let Y be a reduced complex space, and A ⊂ Y a closed
analytic subset. Let L be an invertible sheaf on Y \A, which possesses a
holomorphic extension to the normalization of Y as an invertible sheaf.
Then there exists a reduced complex space Z together with a finite map
Z → Y , which is an isomorphism over Y \A such that L possesses an
extension as an invertible sheaf to Z.
Proof. Denote by ν : Ŷ → Y the normalization of Y . The presheaf
U 7→ {σ ∈ (ν∗OŶ )(U); σ|U\A ∈ OY (U\A)}
defines a coherent OY -module, the so called gap sheaf
OY [A]ν∗OŶ
on Y (cf. [SIU1, Proposition 2]). It carries the structure of an OY -
algebra. According to Houzel [HOU, Prop. 5 and Prop. 2] it follows
that it is an OY -algebra of finite presentation, and hence its analytic
spectrum provides a complex space Z over Y (cf. also Forster [FO, Satz
1]). 
Finally, we have to deal with the question of a global extension of
positive currents. Siu’s Thullen-Remmert-Stein type theorem [SIU2,
Theorem 1] gives an answer for currents on open sets in a complex
number space. An extension for (1, 1)-currents exists and is uniquely
determined by one local extension into each irreducible hypersurface
component of the critical set. In a global situation we need an extra
argument, namely the fact that (under some assumption), one can
single out an extension, which is unique and not depending upon the
choice of some local extension.
We will show the following extension argument for positive currents
given on a normal complex space Y . Let A ⊂ Y a closed analytic
subset and Y ′ = Y \A.
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Proposition 5. Let ω′ be a closed, positive current on Y ′, whose Lelong
numbers vanish everywhere. Assume that for any point of A there exists
an open neighborhood U ⊂ Y such that ω′ possesses an extension to
Y ′ ∪ U as a closed positive current. Then ω can be extended to all of
Y .
If ω′ has at most analytic singularities, and if this is also true for
the local extensions, then also the global extension has at most analytic
singularities.
Proof. We first remove the critical sets from Y : Let
Y ′′ = Y \ (Sing(Y ) ∪ Sing(A) ∪A0) ,
where A0 is the union of all components of A whose dimension is less
or equal to dim Y − 2.
Let p ∈ Y ′′∩A. so Y is non-singular at p and p ∈ A is in the smooth
hyperplane part of A.
We assume that ω′|Y ′′ ∩ Y ′ can be extended as a positive closed
current into some open neighborhood U of p. Denote by ωU ⊂ Y ′′ the
extension to to U ∪ Y ′′.
We apply (7)
ωU =
∞∑
µ=0
µk[Zk] +R .
Since the Lelong numbers of ω′ vanish everywhere, the sets Zk must be
contained in A so that the residual current R is an extension of ω′.
Let ω˘U be an other extension, which can also be reduced to its resid-
ual current R˘. On some neighborhood W of p we write
R|W = √−1∂∂χ and R˘|W = √−1∂∂χ˘.
Now √−1∂∂(χ− χ˘)|W\A = 0.
We pick some 0 < c < 1 and remove the set Ec(χ) ∪ Ec(χ˘), which is
of codimension at least two and replace W by and open subset which
does not intersect Ec(χ) ∪ Ec(χ˘).
Let A ∩W = V (z) for some coordinate function z on W . As χ− χ˘
is harmonic on W\A,
(χ− χ˘− β log |z|) |W\A = f ′ + f ′
for some holomorphic function f ′ ∈ O(W\A) and β ∈ R.
Now by the theorem of Skoda and Bombieri [BO, SK] both e2(χ−χ˘)
and e2(χ˘−χ) are in L1loc(W ). We have
eχ−χ˘ = |z|β|ef ′ |2.
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On can see that f ′ can only have poles or zeroes on A ∩W . Next, we
infer from the integrability conditions that
eχ−χ˘ = |z|γ|ϕ|2,
where ϕ is holomorphic on all of W with no zeroes and −1 < γ < 1. If
present, the contribution |z|γ would constitute a current of integration
along a (local) hypersurface. Since the decomposition formula for pos-
itive currents is compatible with restriction to open subsets, a current
of integration is not present. Hence ωU |W = ω˘U |W . The last step
only contains the extension of plurisubharmonic functions on normal
complex spaces into subsets of codimension at least two. 
5. Weil-Petersson metric on Hilbert schemes
and Douady spaces
In [B-S] and [A-S] a Weil-Petersson metric for Douady spaces and
Hilbert schemes was studied. Let (Z, ωZ) be a Ka¨hler manifold, and
(13) X   i //
f
##G
G
G
G
G
G
G
G
G
Z × S
pr2

S
a flat holomorphic family of complex submanifolds of Z, parameterized
by a complex space S of dimension n. Let s0 be a distinguished point
of S with fiber X = Xs0 . The associated Kodaira-Spencer map is
ρs0 : Ts0S → H0(X,NX|Z).
Denote by ωX the induced Ka¨hler form on X . The Ka¨hler form ωZ in-
duces a pointwise hermitian inner product 〈·, ·〉ωZ on the normal bundle
NX|Z , and by integration a natural inner product on the space of its
global holomorphic sections.
Definition 2. The Weil-Petersson inner product for v, w ∈ Ts0S equals
〈v, w〉PW =
∫
X
〈ρ(v), ρ(w)〉ωZωnX .
We recall that the above hermitian inner product is positive definite
in directions, where the given family is effective, and the corresponding
hermitian form on S is induced by the fiber integral
(14) ωPWS =
∫
X/S
(ω˜n+1|X ),
where n = dimX and ω˜ is the pull-back of ωZ to Z×S. The construc-
tion is intrinsic, in particular the fiber integral commutes with base
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change morphisms. Again the fiber integral formula implies that the
Weil-Petersson form ωPWS is Ka¨hler.
For Hilbert schemes S = H and Z = PN equipped with the Fubini-
Study metric ωZ = ω
FS = c1(OPN (1), hFS), the line bundle L = OPN (1)
gives rise to the determinant line bundle in the derived category λ =
det f!((L− L−1)n+1). We invoke the results from Section 3 and get
ωWPH =
1
2n+1
c1(λ, h
Q).
Next, we consider the component H of the Hilbert scheme correspond-
ing to flat (possibly singular) morphisms.
X i //
f
##G
G
G
G
G
G
G
G
G
G
PN ×H
pr2

H
(with flat proper morphism f). With L = ı∗OPN (1) we have an exten-
sion λ = det f !((L− L−1)n+1) of λ as a holomorphic line bundle to H.
We denote the extension of the Weil-Petersson metric given by a fiber
integral analogous to (14) by
(15) ωH =
∫
X/H
(ω̂n+1|X ),
where ω̂ is the pull-back of the Fubini-Study form to X .
Generally speaking, the fiber integral is also meaningful for flat em-
bedded families, where only the existence of one non-singular fiber is
required. It was shown in [VA1, Lemme 3.4] that ωH is a d-closed
real (1, 1)-current (positive in the sense of currents), which possesses a
continuous ∂∂-potential. So the curvature form of the Quillen metric
on λ extends in this sense. From now on we restrict ourselves to the
normalization of the Hilbert scheme and of its compactification resp.
The proof of Theorem 2 implies the following fact:
Proposition 6. There exists a holomorphic line bundle λ˜ on H with
λ˜|H ≃ λ. The Quillen metric extends as a positive, singular hermitian
metric h˜Q on λ˜ with analytic singularities and Lelong numbers less than
one such that
ωH =
1
2n+1
c1(λ˜, h˜
Q).
Note that the line bundle λ˜ is only of auxiliary nature. We will use
mainly the current that is given by the fiber integral.
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Based upon the results of Bismut from [BI] also for certain nodal
singularities the Quillen metric of a determinant line bundle can be
defined allowing for such singularities.
Next we will use the Fubini-Study metric for embedded families a
background metric in the relative Ka¨hler-Einstein case.
6. Degenerating families of canonically polarized
varieties
In this section we want to show that in a degenerating family the
curvature of the relative canonical bundle can be extended as positive
closed currents. By definition this is an extension to the normalization.
Accordingly, Hilbert schemes (and compactifications) are taken in the
category of normal spaces.
Given a canonically polarized manifold X of dimension n together
with an m-canonical embedding Φ = ΦmKX : X →֒ PN , the Fubini-
Study metric hFS on the hyperplane section bundle OPN (1) defines a
volume form
(16) Ω0X = (
N∑
i=0
|Φi(z)|2)1/m
on the manifold X , such that
ω0X := −Ric(Ω0X) =
1
m
ωFS|X,
where ωFS denotes the Fubini-Study form on PN . According to Yau’s
theorem, ω0X can be deformed into a Ka¨hler-Einstein metric ωX =
ω0X +
√−1∂∂u. It solves the equation (1), which is equivalent to
(17) ωnX = (ω
0
X +
√−1∂∂u)n = euΩ0X .
We will need the C0-estimates for the (uniquely determined) C∞-
function u.
The deviation of ω0X from being Ka¨hler-Einstein is given by the func-
tion
(18) F = log
Ω0X
(ω0X)
n
so that (17) is equivalent to
(19) ωnX = (ω
0
X +
√−1∂∂u)n = eu+F (ω0X)n.
We will use the C0-estimate for u from [C-Y, Proposition 4.1] (cf.
[AU, K]).
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C0-estimate. Let 0 denote the complex Laplacian on functions with
respect to ω0X (with non-negative eigenvalues). Then
(20) u+ F ≤ −0(u).
In particular the function u is bounded from above by sup(−F ).
Now we come to the relative situation. Let
(21) X Φ //
f
##G
G
G
G
G
G
G
G
G
G
PN ×H
pr2

H
Next, we desingularize H in a way that the union of the singular locus
and the singular set corresponds to a normal crossings divisor D ⊂
H˜. We just take the pull-back X˜ = X ×H H˜ → H˜ of the embedded
flat singular family, allowing non-reduced fibers. Let σ be a canonical
section of [D]. We use σ as a local holomorphic coordinate on H˜ and
denote by |σ| its absolute value.
Let Φ˜ : X˜ → PN×H˜ be the induced morphism. Let H′ = H˜\D, and
denote by f ′ : X˜ ′ → H′ the restricted map. We set L = Φ∗OPN×S(1)
and denote by L˜ its pull-back to X˜ . Furthermore, we assume that
L˜|X˜ ′ = OX˜ ′(mKX˜ ′/H′).
Next, we denote the relative initial volume form on X˜ ′ by Ω0, which
again is defined in terms of Φ and the Fubini-Study metric on OPN (1)
like in (16). In a similar way ω0X˜ ′ is defined. We denote by u and F the
functions defined above, depending on the base parameter. Since both
the initial volume form Ω0 and the volume form induced by the relative
Fubini-Study form are induced by polynomials, it follows immediately
that for some positive exponents k and ℓ we have
|σ(s)|2k sup
(
(ω0X˜ ′)
n
Ω0
∣∣∣∣∣ X˜ ′s
)
≤ const.
for s ∈ H′, i.e.
|σ(s)|2k sup{e−F (z); f(z) = s} ≤ const.
and
|σ(s)|2ℓΩ0 ≤ const.
holds. Observe that we interpret (Ω0)m here as a hermitian metric
on the line bundle L−1, which exists on X . So the above estimate is
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meaningful locally around points of X\X . Note that euΩ0 is a global
object though. In this sense the C0-estimate (20) implies that
|σ(s)|2(k+ℓ)euΩ0 ≤ const.
The constant can be chosen uniformly, i.e. on a set of the form f˜−1(U\D).
Over the complement of the divisor D its logarithm is bounded from
above. So far we argued fiberwise. Now by (17) we have
ωnX/S = e
uΩ0,
(where the right hand side depends on the parameter).
At this point we apply Theorem 1: We see that log euΩ0 is plurisub-
harmonic (over the regular locus f˜−1(U\D)). So the logarithm of
|σ(s)|2(k+ℓ)euΩ0 possesses a plurisubharmonic extension. Now the cur-
rent
√−1∂∂ log(|σ(s)|2(k+ℓ)euΩ0)|f˜−1(U\D) =
√−1∂∂ log(euΩ0)|f˜−1(U\D)
can be extended to X˜ as a positive, closed current. (A necessary term to
be added will essentially be some multiple of the current of integration
over the boundary divisor, which we cannot control at this point.)
The push-forward to X of the extended current is a positive, closed
extension of the original curvature current. Note that on the interior
the process of pulling back and taking the push forward does not change
the current (being defined on the normalization).
We used decisively the fact that Ω0 has at most algebraic/analytic
singularities and the upper C0-estimates for the Monge-Ampe`re equa-
tion (19). These imply that the constructed current has at most ana-
lytic singularites.
In this section we proved that ωX can be extended locally as a posi-
tive, closed current with at most analytic singularities. Together with
Proposition 5 we have the following statement.
Theorem 3. Let (KX/H, h) be the relative canonical bundle on the total
space over the Hilbert scheme, where the hermitian metric h is induced
by the Ka¨hler-Einstein metrics on the fibers. Then the curvature form
extends to the total space X over the compact Hilbert scheme H as a
positive, closed current ωKEX with at most analytic singularities.
Stronger estimates are to be expected for slices through boundary
points of the Hilbert scheme that correspond to log-canonical singular-
ities.
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7. Extension of the Weil-Petersson form for canonically
polarized varieties to the compactified Hilbert scheme
Following [F-S] for any (smooth) family f : Z → S of canonically
polarized manifolds, the generalized Weil-Petersson form ωWPS on S was
proven to be equal up to a numerical factor to a certain fiber integral.
We will use the notion ≃ for equality up to a numerical factor.
We set E = (KZ/S−K−1Z/S)n+1 in (4). Equation (6) in Section 3 yields
(22) c1(λ(E), hQ) ≃
∫
Z/S
ωn+1Z ,
where ωZ = c1(KZ/S, h).
On the other hand Lemma 2 together with Proposition 2 implied
that the fiber integral equals the generalized Weil-Petersson form:
ωWP (s) =
∫
Zs
Aα
iβ
Aδγgαδg
βγgdV
√−1dsi ∧ ds,
where the forms
Aα
iβ
∂αdz
β
are the harmonic representatives of the Kodaira-Spencer classes ρs(∂/∂si|s),
i.e.
(23) ωWPS ≃
∫
Z/S
c1(KZ/S, h)n+1.
Now
(24) c1(det f!((KZ/S −K−1Z/S)n+1), hQ) ≃ ωWPS .2
We consider the situation of Hilbert schemes of canonically polarized
varieties.
After fixing the Hilbert polynomial and a multiple m of the canon-
ical bundles, which yields very ampleness, we consider the universal
embedded family over the Hilbert scheme
X i //
f
$$H
H
H
H
H
H
H
H
H
H
PN ×H
pr

H.
In this sense we modify the determinant line bundle and consider
λ = det f!((K⊗mX/S − (K−1X/S)⊗m)n+1),
2Also the element (KZ/S − OZ)n+1 of the relative Grothendieck group can be
taken instead.
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which only yields an extra factor mn+1 in front of the Weil-Petersson
form.
Now we look at the compact Hilbert scheme H including points with
singular fibers
X i //
f
##G
G
G
G
G
G
G
G
G
G
PN ×H
pr

H
such that f is a flat morphism. Again we let L be the pull-back of the
hyperplane section bundle to X . Now the determinant line bundle λ
extends to
λ = det f !(L − (L−1)n+1)
on H.
We will need the fact that the construction of the Quillen metric of
determinant line bundles can be extended to smooth proper families
over base spaces with arbitrary singularities in such a way that − log hQ
is locally the restriction of a C∞ function given on a smooth ambient
space [F-S, §12]. This C∞ function is a ∂∂-potential of a real (1, 1)-
form, which restricts to the generalized Weil-Petersson form.
Next, we want to apply Theorem 3 and consider the fiber integral
analogous to (23) for the map f˜ : X˜ → H˜.
(25) ωWPH =
∫
X/H
(ωKEX )
n+1.
We need to show that the above fiber integral is well-defined.
Theorem 4. The extended Weil-Petersson form on H given by the
fiber integral (25) is a positive (1, 1)-current.
Proof. Again, the statement is about the pull-back to the normaliza-
tion, so that we may assume normality.
We use the notation from Section 6 accordingly. We need to consider
the fiber integral (25) over the smooth locus H of the family, i.e. (23),
which is strictly positive in effective directions.
We first observe that we can see from the relative version of the
Monge-Ampe`re equation (17), how the Ka¨hler form on the total space,
i.e. the curvature form of the relative canonical bundle (induced by the
Ka¨hler-Einstein metrics on the fibers) differs from the restriction of the
Fubini-Study form on the total space.
ωKEX := 2πc1(KX/H, h) =
√−1∂∂(log euΩ0X ) = ω0X +
√−1∂∂u,
where ω0X stands for the Fubini-Study form pulled back to X .
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We observe that
(ω0X +
√−1∂∂u)n+1 = (ω0X )n+1+
n∑
j=0
√−1∂∂u(ω0X )j(ω0X +
√−1∂∂u)n−j.
Concerning the first term, by Proposition 6 the fiber integral of (ω0X )
n+1
possesses an extension as a positive, closed current. For the second term
we use the results of Section 6: Near any point of H\H the potentials u
are bounded from above uniformly with respect to the parameter of the
base (here we applied the correcting term |σ(s)|2(k+ℓ) from the proof of
Theorem 3). In order to avoid taking wedge products of currents we
consider ∫
X/H
√−1∂∂
(
u · (ω0X )j(ω0X +
√−1∂∂u)n−j
)
=
√−1∂∂
(∫
X/H
u · (ω0X )j(ω0X +
√−1∂∂u)n−j
)
.
Now the ∂∂-potential is given by integrals over the fibers:∫
Xs
u · (ω0X )j(ω0X +
√−1∂∂u)n−j
The functions u are known to be uniformly bounded from above, whereas
the integrals ∫
Xs
(ω0X )
j(ω0X +
√−1∂∂u)n−j
are constant in s. This shows the boundedness from above of the
potential for the singular Weil-Petersson metrics for families of Ka¨h-
ler-Einstein manifolds of negative curvature. Finally, we invoke again
Proposition 5. 
8. Moduli of canonically polarized manifolds
In this section we give a short analytic/differential geometric proof
of the quasi-projectivity of moduli spaces of canonically polarized man-
ifolds depending upon the variation of the Ka¨hler-Einstein metrics on
such manifolds.
We begin with the fact that (after fixing the necessary numerical
invariants) we are looking at a component M of the moduli space of
canonically polarized manifolds, endowed with a compactification M,
which is an algebraic space.
The proof of the quasi-projectivity will be a consequence of the pre-
vious sections:
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On the moduli space M of canonically polarized manifolds we are
given a certain determinant line bundle, equipped with a strictly posi-
tive Quillen metric of class C∞ in the orbifold sense (cf. [F-S]), which
is induced by the Ka¨hler-Einstein volume forms. (It was essential to
have a functorial construction for holomorphic families for both the line
bundle λ and the Quillen metric hQ in order to descend to the moduli
space.)
Proposition 7. The Weil-Petersson form ωWP on M possesses an
extension toM as a positive, closed (1, 1)-current with at most analytic
singularities.
Proof. Let M\M = D be the compactifying divisor. We desingularize
the pair (M,D). Let τ : M˜ →M be the corresponding modification,
and let D˜ be the simple normal crossings divisor in M˜ corresponding
to D.
We know from the previous section that ωWP possesses local exten-
sions: On any irreducible component of D˜, we can chose a point and
find a neighborhood in M˜ so that τ ∗ωWP can be extended into this
neighborhood by Theorem 4. Now we apply Proposition 5. This pro-
vides us with an extension of τ ∗ωWP to M˜. Its push forward under the
proper map τ yields the claim. (Observe that the property of having at
most analytic singularities is preserved by this operation, in contrast
of having vanishing Lelong numbers). 
As already mentioned any statement about positive currents on re-
duced complex spaces is actually a statement that holds on the nor-
malization.
However, given the structure of a compactification of a moduli space,
the Hilbert scheme approach yielded local extensions of the determinant
line bundles (or a finite power resp.) to a (normal) compactification of
the normalized moduli space so that according to Theorem 2 the pull-
back of the line bundle to the normalization extends as a holomorphic
line bundle with a positive, singular, hermitian metric.
Since the positive hermitian line bundle over the moduli space itself
is not to be changed, we may have to modify the compactification in
order to ensure that the original line bundle extends – this is done in
Proposition 4. Now the criterion [S-T, Theorem 6] is applicable.
Altogether we proved the following fact, which yields the quasi-
projectivity of the moduli space [V, V1, V2, KO].
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Theorem 5.
(i) Let M be a component of the moduli space of canonically po-
larized manifolds. Then a tensor power of the determinant line
bundle det f!(K⊗mX/S− (K⊗mX/S)−1)n+1 for holomorphic families to-
gether with the Quillen metric descends to the strictly positive
hermitian line bundle (λ, hQ) on the moduli space M in the
orbifold sense.
(ii) The curvature form of the determinant line bundle extends as
a (semi-)positive current with at most analytic singularities to
a certain compactification M.
(ii) A tensor power of the determinant line bundle extends as a line
bundle λ̂ to a compactification of the moduli space, the Quillen
metric gives rise to a singular hermitian metric on λ̂, which is
strictly positive and of class C∞ in the orbifold sense over the
interior and has at most analytic singularities.
9. Further applications
We consider the direct image of K⊗2X/S for families of canonically
polarized manifolds.
Theorem 6. Let S be a complex manifold and f : X → S a holo-
morphic family of canonically polarized manifolds, equipped with Ka¨h-
ler-Einstein metrics of constant negative curvature. Let the locally free
sheaf
f∗(K⊗2X/S)
be equipped with the induced L2 metric. Then
(i) the sheaf f∗(K⊗2X/S) is semi-positive in the sense of Nakano, if S
is Ka¨hler.
(ii) the sheaf f∗(K⊗2X/S) is positive in the sense of Nakano, if the
family is effectively parameterized everywhere.
The proof is an immediate consequence of our main theorem and a
theorem of Berndtsson [B].
9.1. The classical Weil-Petersson metric on Teichmu¨ller space.
It is known from the results of Wolpert that the classical Weil-Peters-
son metric for families of Riemann surfaces of genus larger than one has
negative curvature: According to [WO] the sectional curvature is nega-
tive, and the holomorphic sectional curvature is bounded from above by
a negative constant. A stronger curvature property, which is related to
strong rigidity, was shown in [SCH1]. The strongest result on curvature
by Liu, Sun, and Yau now follows immediately from Theorem 1.
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Corollary 1 ([L-S-Y]). The Weil-Petersson metric on the Teichmu¨ller
space of Riemann surfaces of genus p > 1 is dual Nakano negative.
Proof. Observe that for a universal family f : X → S the classical Weil-
Petersson metric on R1f∗TX/S corresponds to the L2 metric on its dual
bundle f∗(K⊗2X/S), which is Nakano positive according to Theorem 6. 
9.2. Curvature of the generalized Weil-Petersson metric and
related metrics. In this section we present a new approach to ques-
tions related hyperbolicity properties of moduli spaces and the exis-
tence of non-isotrivial families in the sense of the hyperbolicity con-
jecture of Shafarevich. We include immediate corollaries to our main
theorem whiich are closely related to known cases ( e.g. [B-V, KE-KO,
KV1, KV2, M, V-Z1, V-Z2]).
We pick up the notations from Section 1 (in case of a smooth base
space S of arbitrary dimension. Let f : X → S be a smooth, proper
holomorphic map, whose fibers Xs, s ∈ S are canonically polarized vari-
eties of dimension n, equipped with Ka¨hler-Einstein metrics of constant
Ricci curvature equal to one. Let
ρs0 : Ts0S → H1(Xs0 , TXs0 )
be the Kodaira-Spencer map for a point s ∈ S. The induced L2-metric
on the space of infinitesimal deformations is given by integration of
the harmonic representatives of the Kodaira-Spencer classes of tangent
vectors. These were discussed in Section 2.
Explicitly the Weil-Petersson hermitian inner product is defined as
follows: Let (s1, . . . , sk) be local holomorphic coordinates on S such
that the given base point corresponds to the origin, and let (z, s) =
(z1, . . . , zn, s1, . . . , sk) be local holomorphic coordinates on X with
f(z, s) = s.
Let
ρs
(
∂
∂si
)
= [Aα
iβ
∂
∂zα
dzβ] ∈ H1(Xs0, TXs0 )
with harmonic representative Aα
iβ
. Then (with the above notations for
the Ka¨hler manifold X = Xs0
Aα
iβ;δ
= Aα
iδ;β
(26)
0 = gδγAα
iδ;γ
(27)
Aiβδ = Aiδβ.(28)
The above equation (26) is the ∂-closedness, (27) the harmonicity, and
(28) reflects the close relationship with the metric tensor.
POSITIVITY OF KX/S 27
Theorem 7. Any compact subspace or relatively compact subset of the
moduli space of canonically polarized complex surfaces possesses a com-
plex Finsler orbifold metric, whose holomorphic curvature is bounded
by a negative constant.
In particular, the theorem implies that there exist no non-isotrivial
holomorphic families of canonically polarized complex surfaces over the
projective line or an elliptic curve.
We will use the fact that the holomorphic curvature of a Finsler
metric at a certain point p in the direction of a tangent vector v is the
supremum of the curvatures of the pull-back of the given Finsler metric
to a holomorphic disk through p and tangent to v (cf. [A-P]). (For a
hermitian metric, the holomorphic curvature is known to be equal to
the holomorphic sectional curvature).
These facts readily generalize to metrics of orbifold type.
The construction of the Finsler metric is by modifying the gener-
alized Weil-Petersson metric. We recall the formula for its curvature
denoting by  the complex Laplacian on functions and tensors resp.
The functions Ai ·A are pointwise inner products of Kodaira-Spencer
tensors, whereas Ai ∧A denotes a (0, 2)-form with values in Λ2TXs (cf.
[SCH2]).
Theorem 8 ([SCH2]). Let f : X → S be a local universal family of
canonically polarized manifolds with smooth base space S. Then the
curvature tensor of the generalized Weil-Petersson metric equals
RPW
ikℓ
(s) = −
∫
Xs
(+ 1)−1(Ai · A)(Ak ·Aℓ)g dV
−
∫
Xs
(+ 1)−1(Ai · Aℓ)(Ak · A)g dV
−
∫
Xs
(− 1)−1(Ai ∧Ak) · (A ∧Aℓ)g dV.(29)
For any harmonic Kodaira-Spencer tensor A = Aα
β
∂
∂zα
dzβ we denote
by H(A ∧A) the harmonic part of A ∧A.
The theorem implies the following estimate:
Corollary 2. Let A = ξiAi. Then
(30) RPW
ikℓ
(s)ξiξξkξℓ ≤ (−2‖A‖4WP + ‖H(A ∧A)‖2)/vol(Xs).
Proof. We apply the eigenspace decompositions of the function A · A
and the tensor A ∧ A with respect to the Laplacians. It was shown
in [SCH2] that the eigenspace decomposition of A ∧ A contains no
contributions for eigenvalues λ ∈ (0, 1]. 
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Now we denote by G the Finsler metric induced by GWPi . It is
known that the holomorphic curvature of G is equal to the holomorphic
sectional curvature of GWPi (cf. [A-P]).
From now on, we assume that the fibers are of complex dimension
two. The locally free sheaf R2f∗Λ2TX/S is dual to f∗K⊗2X/S. The latter,
equipped with the induced L2-inner product, is Nakano-positive accord-
ing to Theorem 6 for any effectively parameterized family f : X → S.
However, at this point, we cannot give any estimate for the curvature
because Theorem 1 does not contain any estimates.
We consider the natural morphism
(31) µ : S2TS → R2f∗Λ2TX/S .
In general, we can only say that it induces a Finsler semi-metric on S.
If the semi-metric is not identically zero but vanishes only on a thin
analytic subset, it is of non-positive holomorphic curvature (considering
that the holomorphic curvature of a Finsler metric is defined in terms
of holomorphic curves).
We need the following fact. Let C be a holomorphic curve and G =
G(z)dzdz a hermitian semi-metric, which is positive on the complement
of a discrete subset say. Denote by
KG := − ∂
2 logG(z)
∂z∂z
/
G(z)
the (Ricci) curvature. Let H = H(z)dzdz be a further such metric.
Lemma 4 (cf. [SCH3, Lemma 3]).
(32) KG+H ≤ G
2
(G+H)2
KG +
H2
(G+H)2
KH .
Observe that for H ≡ 0 the equation (32) formally still holds.
Let again f : X → S be a local, universal family of canonically polar-
ized manifolds. Then the Weil-Petersson metric determines a Finsler
metric G on S, and the dual Nakano negative bundle R2f∗Λ2TX/S de-
termines a Hermitian semi-metric H 6≡ 0 for every curve C with µ|C
not identically zero, since the map µ restricted to C maps T ⊗2C to the
hermitian bundle R2f∗Λ2TX/S|C (compatible with base change).
Now, we can use Corollary 2 and Lemma 4 (under the assumption on
the base space in Theorem 7) to construct the desired Finsler orbifold
metric from a convex sum G + γH of G and H , whose curvature is
bounded by a negative constant from above.
The non-existence of non-isotrivial holomorphic families of canoni-
cally polarized surfaces over compact curves C of genus zero or one can
be seen directly from Theorem 8 and Theorem 1. If the map µ on C
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is identically zero, then the curvature formula for the Weil-Petersson
metric (29) and the estimate (30) imply the claim, if not, Theorem 6
can be applied directly.
Corollary 3. Let C be a smooth, compact curve and f : X → C a
non-isotrivial family of canonically polarized surfaces. Then g(C) > 1
or there exists at least one singular fiber.
Proof. We apply Theorem 8 and Theorem 1: Let C ′ ⊂ C be the set
of points with regular fibers. Consider the case, where the map µ on
C ′ ⊂ C is identically zero. Then the curvature formula for the Weil-
Petersson metric (29) and the estimate (30) imply the existence of a
metric, whose curvature is bounded from above by a negative constant.
If µ 6≡ 0 we apply the Gauß-Bonnet theorem for singular metrics unsing
Theorem 3. Since in this situation, we do not have a negative upper
estimate for the curvature, we cannot bound the Lelong numbers at the
singularities. So we can only infer the existence of at least one singular
fiber, if g(C) ≤ 1. 
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